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Quasinormal modes and a new instability of Einstein-Gauss-Bonnet black holes in the
de Sitter world
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Analysis of time-domain profiles for gravitational perturbations shows that Gauss-Bonnet black
holes in a de Sitter world possess a new kind of dynamical instability which does not take place for
asymptotically flat Einstein-Gauss-Bonnet black holes. The new instability is in the gravitational
perturbations of the scalar type and is due to the nonvanishing cosmological constant. Analysis of
the quasinormal spectrum in the stability sector shows that although the scalar type of gravitational
perturbations alone does not obey Hod’s conjectural bound, connecting the damping rate and the
Hawking temperature, the vector and tensor types (and thereby the gravitational spectrum as a
whole) do obey it.
PACS numbers: 04.50.Kd,04.70.Bw,04.30.-w,04.80.Cc
I. INTRODUCTION
Higher-curvature corrected theories of gravity are an
interesting alternative to Einstein gravity. In higher than
four-dimensional spacetimes, the low-energy limit of the
heterotic string theory predicts the Gauss-Bonnet-type
(second order in curvature) correction to the Einstein ac-
tion. The Einstein-Gauss-Bonnet theory shows a number
of qualitatively new interesting features. First, unlike
Schwarzschild or Kerr black holes, small black holes in
the Einstein-Gauss-Bonnet theory are unstable against
small gravitational perturbations [1]. The graviton can
experience time advance when Gauss-Bonnet corrections
are taken into consideration [2]. The anti-de Sitter space-
time, which is unstable against nonlinear perturbations
in Einstein gravity [3], restores stability in the Gauss-
Bonnet theory [4]. Finally, Hawking radiation of even
softly Gauss-Bonnet-corrected black holes occurs at the
evaporation rate which is many orders slower than that of
the black hole in the higher-dimensional Einstein theory
[5].
Special attention in the literature is devoted to the is-
sue of gravitational stability of black holes (see reviews
in [6] and references therein), because stability is a neces-
sary criterium of viability of a black hole’s model. Ana-
lytical analysis of black holes’ (in)stability is not an easy
task even for relatively simple black-hole solutions, so
that for the most of cases numerical treatment through
consideration of the black hole oscillation (quasinormal)
spectrum [7] comes into play. The quasinormal modes of
black holes were extensively studied by theorists during
the past years. Now there is a strong indication that
quasinormal modes have been recently experimentally
observed in the gravitational-wave signal from an event
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that might be a merger of binary black-hole system [8, 9].
In [8, 9], it was shown that the gravitational-wave signal
is consistent with the Einstein theory of gravity. At the
same time, the binary black hole evolution was simulated
by LIGO and VIRGO collaborations only within the Ein-
stein theory, leaving the possible consistency of alterna-
tive theories to further investigation [9]. Simple estima-
tions of orders show that rather large indeterminacy of
the black hole’s parameters should leave the window for
alternative theories of gravity open [10].
Being an essential criterium for four-dimensional
asymptotically flat or de Sitter spacetimes, the
(in)stability of black holes in (D > 4)-dimensional
asymptotically de Sitter and anti-de Sitter spacetimes
gains additional interest due to the renown gauge-gravity
duality, which can be formulated either in terms of AdS-
CFT [11] or dS-CFT [12] correspondences.
The (in)stability of asymptotically flat Einstein-Gauss-
Bonnet black holes was studied in [1] where it was shown
that the small black holes are unstable against gravita-
tional perturbations for D = 5 and D = 6. The time-
domain picture of evolving of the instability showed that,
unlike other black holes’ instabilities, it develops at rel-
atively late time after a long period of damped quasi-
normal oscillations [5]. Further study of the black holes’
instability for the Lovelock generalization [13] of Gauss-
Bonnet gravity was performed in [14], while quasinormal
modes were studied in [15–17].
Here we shall make the next step and analyze
(in)stability of black holes in Gauss-Bonnet gravity,
allowing for the positive, nonzero cosmological con-
stant and corresponding to the de Sitter asymptotic1.
Higher-dimensional analogue of the Schwarzschild-de Sit-
ter black hole (given by the Tangherlini-de Sitter metric)
1 Notice, that the Gauss-Bonnet equations with a positive Λ-term
have also nonasymptotically de Sitter solutions, which are not
considered here.
2is stable in Einstein gravity [18]. Here we shall show that
this is not so for the Gauss-Bonnet theory. Looking at
the already known instability of asymptotically flat small
Gauss-Bonnet black holes, instability of Gauss-Bonnet-
de Sitter solution could also be expected at least in some
region of parameters. Here we shall show that in addi-
tion to this expected instability, there is a new type of
instability which occurs owing to the nonzero cosmolog-
ical constant and does not take place for asymptotically
flat higher-dimensional Gauss-Bonnet or Schwarzschild
(Tangherlini) black holes. We suppose that this instabil-
ity, triggered by the Λ-term in the Gauss-Bonnet theory,
might have the same origin as the instability of higher-
dimensional Reissner-Nordstro¨m-de Sitter black holes,
which was found in [19] and later studied for the regime
of large [20] and arbitrary [21] numbers of spacetime di-
mensions D. Here, through the thorough study of the
quasinormal spectrum of gravitational perturbations, we
shall find the parametric regions of instabilities of the
Einstein-Gauss-Bonnet-de Sitter black holes in various
spacetime dimensions.
In addition to the stability study, there is another mo-
tivation to study quasinormal modes of Gauss-Bonnet-de
Sitter black holes. In [22], S. Hod made a proposal stat-
ing that there exists a universal bound on the relaxation
rate. According to Hod’s proposal, in the quasinormal
spectrum of any black hole there is always a mode whose
damping rate (given by the absolute value of the imag-
inary part of the quasinormal frequency |Im(ω)|) is not
higher than πTBH , where TBH is the Hawking temper-
ature of the black hole. Hod’s inequality is satisfied for
the asymptotically flat Gauss-Bonnet (GB) as well as for
Schwarzschild-de Sitter black holes (though for the GB
case this check seems never been published). Therefore,
the natural question would be – whether this inequal-
ity is satisfied also for the Gauss-Bonnet-de Sitter solu-
tion. Here we shall show that the scalar type of gravita-
tional perturbations has the fundamental (lowest damp-
ing) mode which is above Hod’s minimum. At the same
time the other two (vector and tensor) types of pertur-
bations satisfy the inequality. We shall argue that this
rather signifies the nonviolation of Hod’s proposal by the
Gauss-Bonnet-de Sitter black holes.
The paper is organized as follows. In section II, the
main information about the Einstein-Gauss-Bonnet-de
Sitter background is given. Section III briefly reviews
the perturbation equations and the main properties of the
master wave equations. Section IV is devoted to descrip-
tion of the numerical time-domain integration method
which we used for analysis of evolution of perturbations.
Section V relates the obtained results and the found re-
gions of instability. Section VI discusses the obtained
data for quasinormal modes and the validity of Hod’s
proposal. In the Conclusion, we sketch the obtained re-
sults and ongoing work in this direction.
II. HIGHER-CURVATURE CORRECTED
GRAVITY AND BLACK HOLE SOLUTIONS
The natural generalization of the Einstein theory of
gravity to the (D > 4)-dimensional spacetime was carried
out by Lovelock [13]. The Lagrangian has the following
form,
L =
k∑
m=0
cmLm, (1)
Lm =
1
2m
δµ1ν1...µmνmλ1σ1...λmσm R
λ1σ1
µ1ν1
. . . R λmσmµmνm , (2)
where δµ1ν1...µmνmλ1σ1...λmσm and R
λσ
µν are the D-dimensional
Kronecker delta and Riemann tensors, k = [(D − 1)/2],
and cm are arbitrary constants of the theory.
Here we shall be limited by the well-known Gauss-
Bonnet theory, that is the Lovelock theory truncated
at the second-order term in the curvature. We use ge-
ometrized units 16πG = 1 = ~ and define c1 = 1,
c0 = −2Λ, where Λ is the cosmological constant, and
c2 = α/2 [14]. This limit describes the low-energy
regime of the heterotic string theory. The Einstein-
Gauss-Bonnet Lagrangian takes the following form
L = −2Λ +R+ α(RµνλσR
µνλσ − 4RµνR
µν +R2), (3)
where α = 1/2πℓ2s is a positive coupling constant.
As part of the Lovelock theory, Gauss-Bonnet grav-
ity is self-consistent in five and six dimensions. In a
more general context, which includes string theory and
gauge/gravity duality, we do not need to be always lim-
ited by the D = 5, 6 cases only. Thus, although we shall
concentrate on five- and six-dimensional cases, part of our
computations will include higher than six-dimensional
black holes.
An exact static vacuum solution of the Einstein-Gauss-
Bonnet equations can be written in the form
ds2 = −f(r)dt2 +
1
f(r)
dr2 + r2 dΩ2n (4)
where dΩ2n is the (n = D − 2)-dimensional line element
of Snκ manifold of constant curvature κ = ±1, 0 and
f(r) = κ− r2 ψ(r), (5)
where ψ(r) satisfies
W [ψ] ≡
αn(n− 1)(n− 2)
4
ψ2+
n
2
ψ−
Λ
n+ 1
=
µ
rn+1
, (6)
where µ is a positive constant proportional to the black-
hole mass.
This quadratic equation has two solutions, given by
ψ(r) =
1
α(n− 1)(n− 2)
× (7)
×
(
ǫ
√
1 +
4α(n− 1)(n− 2)
n
(
µ
rn+1
+
Λ
n+ 1
)
− 1
)
,
3where ǫ = ±1. In this paper we shall study only the
asymptotically de Sitter solutions, i.e., when ǫ = 1 and
Λ > 0. Various properties of this metric were, in partic-
ular, studied in [23].
It was observed in [24] that the accurate computation
of ψ(r) requires higher precision for the arithmetic oper-
ations. In order to decrease the relative error in (7) we
use its alternative equivalent form (for ǫ = 1)
ψ(r) =
4
(
µ
rn+1
+ Λ
n+1
)
n+
√
n2 + 4αn(n− 1)(n− 2)
(
µ
rn+1
+ Λ
n+1
) ,
(8)
which apparently allows us to perform all the computa-
tions using standard 32-bits floating-point arithmetics.
Furthermore, the α→ 0 limit of Gauss-Bonnet gravity
leads to the higher-dimensional solution of the Einstein
theory – Schwarzschild-Tangherlini spacetime [25]
f(r) = κ−
2r2
n
(
µ
rn+1
+
Λ
n+ 1
)
. (9)
For κ = 1 we have a compact (spherical) black hole
with the event horizon radius rH , which corresponds to
the smallest positive root of the equation f(r) = 0. Mea-
sured in units of length for any value of D, this quantity
is convenient for parametrization of the black hole mass,
which can be expressed as
µ =
n rn−1H
4
(
2 +
α(n− 2)(n− 1)
r2H
−
4Λr2H
n(n+ 1)
)
, (10)
In the de Sitter spacetimes the span of the spatial coor-
dinate is limited by the cosmological horizon rC > rH ,
which we use in order to parametrize the cosmological
constant as
Λ =
n(n+ 1)
2
(
rn−1C − r
n−1
H
rn+1C − r
n+1
H
(11)
+
α(n− 1)(n− 2)
2
rn−3C − r
n−3
H
rn+1C − r
n+1
H
)
,
In the limit rC → rH we obtain the extremal value of
the cosmological constant, which is given as follows
Λextr =
n(n− 1)
2 r4H
(
r2H +
(n− 2)(n− 3)
2
α
)
. (12)
Limit rC → ∞ corresponds to the asymptotically flat
spacetime (Λ = 0).
Hereafter, we measure all the quantities in units of the
event horizon, i.e., we introduce dimensionless parame-
ters, 0 ≤ rH
rC
< 1 and α
r2
H
≥ 0, while frequencies are
measured in the units of inverse horizon radius r−1H .
III. GRAVITATIONAL PERTURBATIONS AND
THE EFFECTIVE POTENTIALS
The linear perturbations hµν around the background
gµν (4) can be written as
gµν → gµν + hµν , |hµν | ≪ |gµν |. (13)
Taking the variation of the Einstein-Gauss-Bonnet
equations for vacuum solutions,
δG νµ = Λ δG
ν
(0)µ + δG
ν
(1)µ + α δG
ν
(2)µ = 0, (14)
where
G
ν
(0)µ = δ
ν
µ, (15)
G
ν
(1)µ = R
ν
µ −
1
2
δνµR (16)
and
G
ν
(2)µ = R
δσ
λµ R
λν
δσ − 2R
λ
δ R
δν
λµ − 2R
λ
µ R
ν
λ +RR
ν
µ
−
1
4
δνµ
(
R σρλδ R
λδ
σρ − 4R
δ
λ R
λ
δ +R
2
)
, (17)
one can find the Gauss-Bonnet contribution to the Ein-
stein tensor. Then it is convenient to represent the tensor
components of hµν with respect to the transformation law
under rotations on the (D−2)-sphere. The linear pertur-
bations, then, can be classified into tensor, vector, and
scalar types, each of which can be treated independently
from the others. After a lot of algebra and separation of
variables [14], the perturbation equations can be reduced
to a number of second-order master differential equations
with some effective potentials,(
∂2
∂t2
−
∂2
∂r2∗
+ Vi(r∗)
)
Ψ(t, r∗) = 0, (18)
where r∗ is the tortoise coordinate,
dr∗ ≡
dr
f(r)
=
dr
1− r2ψ(r)
, (19)
and i stands for t (tensor), v (vector), and s (scalar) per-
turbations. The explicit forms of the effective potentials
Vs(r), Vv(r), and Vt(r) are given [14]
Vt(r) =
ℓ(ℓ+ n− 1)f(r)T ′′(r)
(n− 2)rT ′(r)
+
1
R(r)
d2
dr2∗
(
R(r)
)
, (20)
Vv(r) =
(ℓ− 1)(ℓ+ n)f(r)T ′(r)
(n− 1)rT (r)
+R(r)
d2
dr2∗
(
1
R(r)
)
,
Vs(r) =
2ℓ(ℓ+ n− 1)
nr2B(r)
d
dr∗
(
rB(r)
)
+B(r)
d2
dr2∗
(
1
B(r)
)
,
where ℓ = 2, 3, 4, . . . is the multipole number and
T (r) = rn−1
dW
dψ
=
nrn−1
2
(
1 + α(n− 1)(n− 2)ψ(r)
)
,
R(r) = r
√
T ′(r), B(r) =
2(ℓ− 1)(ℓ+ n)− nr3ψ′(r)
r
√
T ′(r)
T (r).
4IV. CHARACTERISTIC INTEGRATION
In our case the dynamical wave equation has a cum-
bersome form. Therefore, proving of (in)stability analyt-
ically is a difficult task, so that numerical analysis of the
quasinormal spectrum must be undertaken instead. The
most straightforward way to achieve this is to use the
integration of the master equation in the time domain
which takes into consideration contributions from all the
modes.
We shall use here the discretization scheme proposed
by Gundlach, Price, and Pullin [26]. This method was
used for calculation of quasinormal modes in a great num-
ber of works [6]. Comparisons of the time-domain nu-
merical data with the accurate frequency-domain calcu-
lations show excellent agreement not only in cases when
a black hole is stable, but also near the onset of instabil-
ity (see for example [27]). Rewriting (18) in terms of the
light-cone coordinates du = dt − dr∗ and dv = dt+ dr∗,
one finds
4
∂2Ψ
∂u∂v
= −Vi(u − v)Ψ. (21)
The discretization scheme has the following form
Ψ(N) = Ψ(W ) + Ψ(E)−Ψ(S) (22)
−
∆2
8
Vi(S) [Ψ(W ) + Ψ(E)] +O(∆
4),
where N , M , E, and S are the points of a square in a
grid with step ∆ in the discretized u-v plane: S = (u, v),
W = (u+∆, v), E = (u, v+∆), and N = (u+∆, v+∆).
With the initial data specified on two null surfaces u = u0
and v = v0, we are able to find values of the function
Ψ at each of the points of the grid. Since quasinormal
modes and the asymptotical behavior of perturbations do
not depend on initial conditions (as confirmed by several
numerical simulations), we shall consider the Gaussian
wave initial data on the v-axes (see [6] for more details).
This discretization scheme requires a number of opera-
tions which is proportional to ∆−2, what implies that the
corresponding accumulated error is O(∆2). By decreas-
ing the step ∆ for the same initial data, we check the
convergence of the integration scheme. Here we present
the resulting profiles for the sufficiently small step ∆,
such that its further decreasing does not change the time-
domain picture. Another source of error comes from nu-
merical truncations in computations. In order to check
the stability of the algorithm, we compare the profiles
found with the floating-point arithmetics of different pre-
cision. In particular, we observe that the single-precision
(32-bits) arithmetics is sufficient for our computations.
We have also compared the obtained time-domain pro-
files for Λ = 0 with those obtained with the high-precision
code in [24] and found that the difference is smaller than
the discretization-scheme error order.
In order to catch the threshold of instability, we had to
obtain a great number of time-domain profiles for vari-
ous values of parameters. A typical damped (stable) and
FIG. 1. Nonoscillatory temporal profiles for scalar perturba-
tions for α = 0.5r2H . The stable (red) and unstable (blue)
profiles correspond to Λ = 0.8/r2H and Λ = 0.9/r
2
H .
growing (unstable) time-domain profiles near the thresh-
old of instability are shown on Fig. 1.
V. (IN)STABILITY OF GAUSS-BONNET-DE
SITTER BLACK HOLES
Here we shall consider the results of our numerical
time-domain integration in terms of stability or insta-
bility of Gauss-Bonnet-de Sitter black holes at various
values of parameters. We observed instability in scalar
and tensor channels of perturbations, while the vector
sector showed no growing time-domain profiles.
A. Instability of tensor-type perturbations
The effective potential for the tensor-type perturba-
tions has a negative gap outside the black hole, near its
event horizon. Although, intuitively, increasing of the
multipole number ℓ should lead to a higher barrier of the
effective potential, this is not the only effect that comes
from increasing of ℓ. The higher ℓ is, the deeper the
negative gap, so that, quite conterintuitively, the higher
ℓ are more unstable. Therefore, in order to determine
the instability region in the tensor channel, we have to
consider the limit ℓ =∞, corresponding to the most un-
stable solution. In order to distinguish this instability,
which develops at higher ℓ, we shall call it the eikonal
instability, emphasizing the fact that the regime of geo-
metrical optics ℓ = ∞ corresponds to the most unstable
solution.
In [28], it was shown that for Lovelock theories the
negative-energy bound state in the ℓ =∞ limit exists in
the region (outside the black-hole horizon) for which the
initial conditions on spacelike surfaces cannot be con-
sistently imposed. Although, for the initial conditions
on the null surfaces considered in the present paper,
5FIG. 2. Stability and instability regions for tensor-type gravi-
tational perturbations in (D = 6)-dimensional Gauss-Bonnet-
de Sitter spacetimes. This is the eikonal instability with the
ℓ = ∞ most unstable mode.
the solutions of the equation (21) are well-defined (yet
summing over ℓ is divergent) and correspond to unsta-
ble time-domain profiles. Thus, the parametric region of
what we call “the eikonal instability” coincides exactly
with the region where the perturbation equations become
nonhyperbolic. However, for practical purposes, within a
linear approximation it does not matter whether the con-
figuration is unstable or has the region where the initial
conditions are ill-defined. In the regime of small pertur-
bations, we are unable to tell what occurs once we ob-
serve a profile infinitely growing in time. However, we are
able to demonstrate the parametric region in which the
black holes are stable and find the onset of instability (at
which he damping rate approaches zero). As the problem
of non-hyperbolicity of the perturbation equations occurs
only when the “eikonal instabilty” takes place, this gives
us an additional reason to distinguish the “eikonal in-
stability” from the other type of instability which is not
related to this problem.
From Fig. 2, we can see that small black holes are
always unstable against tensor-type perturbations inD =
6 spacetimes. For higher D, as well as for D = 5, tensor-
type perturbations show no instability. Apparently, the
critical value of the fraction rH/rC , corresponding to the
threshold of instability at a given α, approaches to some
constant for large α. In this sense, there should exist
a minimum value of rH/rC , designated as µc, such that
black holes with rH/rC > µc are stable against tensor
perturbations in Gauss-Bonnet gravity for any values of
the coupling constant α.
B. Instabilities of scalar-type perturbations
Analyzing the time-domain profiles, we see that un-
boundedly growing perturbations, signifying the insta-
bility, correspond to the nonoscillatory regime near the
threshold of instability. This observation is in agreement
with the statement, proved in [29], that unstable modes
cannot be oscillatory when perturbing spherically sym-
metric static black holes.
In the gravitational perturbations of the scalar type we
observe the new instability for all D ≥ 5. This instabil-
ity occurs for sufficiently large value of the GB-coupling
and cosmological constant (Fig. 3). Unlike the eikonal in-
stability it occurs for the lowest multipole number ℓ = 2
and, therefore, is not related to the above mentioned non-
hyperbolicity problem of perturbation equations. Since
this instability does not take place for asymptotically flat
Gauss-Bonnet black holes we shall call it, for briefness,
Λ-instability.
Scalar-type gravitational perturbations of the five-
dimensional black holes are different from higher-
dimensional cases, because only in D = 5 spacetimes
both types of instability, the eikonal one and the Λ-
instability, take place. From Fig. 4, we can see that there
are two regimes of instability:
• Small D = 5 black holes are unstable once the GB-
coupling is larger than some critical value (for a
given rH/rC) α = αcrit The instability region is
dominated by the eikonal ℓ =∞ regime.
• Large D = 5 black holes are unstable for values
of the coupling α above some critical (at a given
rH/rC). This instability happens only ℓ = 2 modes.
Close to Λ = 1.6r−2H (rH = 0.6rC) both types of in-
stability “merge” in such a way, that there seems to be
no values of µc = rH/rC for which the black hole is sta-
ble for arbitrary GB-coupling, like it happens in D = 6
tensor-type mode.
D=6 D=7 D=8
rH/rc(Λ r
2
H) α/r
2
H
0.662(4) 0.197
0.768(5) 0.180
0.884(6) 0.162
0.935(6.4) 0.155
1 (6.876) 0.146
rH/rc(Λ r
2
H) α/r
2
H
0.737(9) 0.150
0.792(10) 0.138
0.912(12) 0.119
0.980(13) 0.111
1 (13.27) 0.109
rH/rc(Λ r
2
H) α/r
2
H
0.845(19) 0.109
0.881(20) 0.103
0.957(22) 0.093
0.999(23) 0.089
1 (23.01) 0.089
TABLE I. Scalar type of gravitational perturbations: Critical
values of α corresponding to the threshold of instability.
From Fig. 3 we can see that sufficiently small black
holes are always stable against scalar perturbations, be-
cause there exists a µc such that for rH < µc rC , Gauss-
Bonnet black holes are stable. The D = 6 case is slightly
different from D = 7, 8, . . . because the instability re-
gion is the overlap of Λ-instability in the scalar channel
and eikonal instability in the tensor channel (see Fig. 5).
D ≥ 5 black holes are apparently stable for all rH/rC ,
including the extremal limit rH = rC once α is less than
some minimum value, which depends on the number of
spacetime dimensions D. This minimal value decreases
asD grows, what can be seen in Fig. 6 and in the Table I.
6FIG. 3. Stability and instability regions for scalar-type gravitational perturbations in D = 6, D = 7, and D = 8 (from left to
right).
FIG. 4. Stability and instability regions for scalar-type grav-
itational perturbations in 5 dimensions. Upper right corner
corresponds to the Λ-instability, while the lower right corner
corresponds to the eikonal instability. The overlap of regions
of both types of instability produce the instability region for
D = 5 case.
C. Overlap of the instabilities in tensor- and
scalar-type perturbations
Here we shall review the results obtained for scalar,
vector, and tensor types of gravitational perturbations.
First of all, we would like to remind that the vector
type of perturbations does not show any instability for
all D. Then, D = 7, 8, . . . black holes have only the
FIG. 5. Stability and instability regions for gravitational per-
turbations in D = 6 as overlap of the Λ-instability in the
scalar channel and eikonal instability in the tensor channel.
Λ-instability in the scalar type of gravitational pertur-
bation. The regions of this instability are shown on
Figs. 3 and 6. D = 5 and D = 6 spacetimes have more
complicated regions of instability determined by the com-
bination of the Λ-instability and eikonal instability: in
the case of D = 5 the Λ-instability in the scalar channel
combines with the eikonal instability in the same channel
(Fig. 4), while for D = 6 the Λ-instability in the scalar
channel combines with the eikonal instability in the ten-
sor channel (Fig. 5). The black hole instability region
is a combination of the instability regions of all types
7FIG. 6. Scalar type of gravitational perturbations: Critical
value of α, corresponding to the threshold of instability as
function of rH/rC in dimensions 6, 7, and 8.
D Λ-instability eikonal instability
5 scalar-type (ℓ = 2) scalar-type
6 scalar-type (ℓ = 2) tensor-type
7 scalar-type (ℓ = 2)
8 scalar-type (ℓ = 2)
TABLE II. Summary of instabilities of Einstein-Gauss-
Bonnet-de Sitter black holes: each type of instability implies
its parametric region. For the eikonal instability this region
expands as ℓ increases, so that the instability region in this
case corresponds to the limit ℓ → ∞.
of gravitational perturbations. Accordingly, the black-
hole stability region is the overlap of the corresponding
stability regions. The summary of the (in)stabilities are
represented also in the Table II.
VI. QUASINORMAL MODES OF
GAUSS-BONNET-DE SITTER BLACK HOLES
AND HOD’S CONJECTURE
Several years ago Shahar Hod formulated an interest-
ing proposal [22] stating that the damping rate of the
fundamental quasinormal frequency of any black hole in
nature is constrained by the value of its Hawking tem-
perature in a specific way. Namely, he argued that
|Im(ω)| ≤ πTH , (23)
where TH is the Hawking temperature. For static spher-
ically symmetric black holes
TH =
κH
2π
=
f ′(rH)
4π
. (24)
Using numerical and analytical results for quasinormal
modes of four- and higher-dimensional Schwarzschild
[30], Schwazrschild-de Sitter [31] and Schwarzschild-anti-
de Sitter black holes [32], Hod illustrated that his inequal-
ity is fulfilled for asymptotically flat black holes as well
as for nonasymptotically flat ones. The arguments were
based on semiclassical consideration and thermodynamic
ideas.
It is tempting to understand whether Hod’s proposal
is valid for more general black hole solutions. In our case,
we choose the D = 5 Gauss-Bonnet-de Sitter black hole
in the range of parameters which corresponds to a grav-
itationally stable configuration. The breakdown of the
inequality at the onset of instability would be a perfect
proof of the proposal. However, from Fig. 7 we noticed
that the lowest mode of the scalar type of gravitational
perturbations has the imaginary part Im(ω) for which
|Im(ω)| > πTH , (25)
for α = 0.2r2H in the range 0.5 . rH/rC . 0.94, which
is inside the stability region according to Fig. 4. Nev-
ertheless, vector and tensor perturbations in the stable
sector (for α = 0.2r2H), unlike scalar perturbations, do
not break down the conjecture, as we can see in Fig. 8.
Thus, if we admit that it is possible to “create” pertur-
bation in such a way that only the scalar type of gravita-
tional perturbation would be excited, while vector- and
tensor-type gravitational modes would have zero excita-
tion factors, the counterexample for this proposal would
be provided. Even though all three types of perturba-
tions can be treated completely separately within the
linear approximation, we do not believe that it would
be possible to prepare such process of “purely scalar-
type gravitational perturbation” in a real process. The
main reason for this is that such an ideal separation of
gravitational perturbations into three independent chan-
nels (scalar, vector, and tensor) is impossible taking into
account the essentially nonlinear nature of the real per-
turbation process. Such a separation into three channels
would also be impossible even in the linear approxima-
tion: Although a classical black hole preserves all the geo-
metrical symmetries given by a set of Killing vectors, tiny
quantum fluctuations definitely break down the exact
symmetries. In other words, if due to specially prepared
initial perturbations only one of the channels (scalar) is
excited, then the other two channels (vector and tensor)
inevitably acquire some, whatever small, but nonzero,
excitations. Therefore, by showing that at least some
of the types of gravitational perturbations obey Hod’s
proposal, we rather confirm the proposal than disprove
it. This certainly does not mean that counter-examples
cannot be found in the future.
We can also see that the higher the value of the α-
coupling, the quicker the Hawking temperature grows
with respect to the oscillation frequency. The decay
rate of oscillation, Im(ω)/π TH , reaches a constant value
when approaching the extremal state. Indeed, the imagi-
nary part of the QNM approaches zero for extremal black
holes, so that Im(ω) ∝ TH ≈ 0 for rH ≈ rC .
8FIG. 7. Variation of the real (left panel) and imaginary (right panel) parts of the dominant quasinormal mode as functions of
rH/rC for scalar-type perturbations in 5 dimensions.
FIG. 8. Variation of the imaginary part of the dominant
quasinormal mode with respect to rH/rC for vector- and
tensor-type perturbations in 5 dimensions for α = 0.2r2H .
VII. CONCLUSION
Here we have performed a thorough analysis of gravi-
tational quasinormal spectrum of asymptotically de Sit-
ter black holes in Einstein-Gauss-Bonnet theory. Usage
of the time-domain integration allowed us to take into
consideration contributions of all the modes in the sig-
nal and, thereby, to judge about the (in)stability of the
black hole (what would be much more difficult to do by
working in the frequency domain). Gravitational per-
turbations are known to be reduced to the independent
master equations for scalar, vector, and tensor types rel-
atively the rotation group on (D−2)-sphere. It has been
shown that the scalar channel of the gravitational per-
turbation has a new kind of instability at sufficiently
large values of the cosmological constant Λ, which we
called “the Λ-instability”, because it does not take place
for asymptotically flat spacetimes. It is possible that
this instability has a similar origin as the instability
of the higher-dimensional Reissner-Nordstro¨m-de Sitter
black holes [19], though there are apparent distinctions
between these two instabilities: Reissner-Nordstro¨m-de
Sitter black holes are unstable in (D > 6)-dimensional
spacetimes only at relatively large values of the electric
charge, while black holes in the Gauss-Bonnet theory
are unstable even being neutral and in 5 and 6 dimen-
sions as well. In addition, we have found that scalar
and tensor channels also have instabilities owing to the
nonzero Gauss-Bonnet coupling. This instability occurs
at high multipole numbers ℓ and, therefore, was called
“the eikonal instability”.
It was demonstrated that the quasinormal frequencies
of the scalar type of gravitational perturbations do not
obey Hod’s inequality and the lowest mode in this chan-
nel of perturbation has higher damping rate than the one
prescribed by the proposal. However, the other two chan-
nels, vector and tensor, have lower-lying modes what,
thereby, confirms Hod’s proposal. Apparently, it would
be impossible to create the process of perturbation which
would excite only the scalar channel and leave unper-
turbed the other two. If such a “selective” perturbation
could be prepared or even theoretically modeled, Hod’s
proposal would be violated.
In the forthcoming papers [33], we shall complete the
investigation of the (in)stabilities of black holes in Gauss-
Bonnet gravity and consider perturbations of the elec-
trically charged asymptotically flat, de Sitter, and anti-
de Sitter black holes in Gauss-Bonnet gravity. Some of
these cases require application of different numerical ap-
proaches and deserve separate consideration.
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